We mainly investigate the structures of skew cyclic and skew quasicyclic codes of arbitrary length over Galois rings. Similar to [5] , our results show that the skew cyclic codes are equivalent to either cyclic and quasi-cyclic codes over Galois rings. Moreover, we give a necessary and sufficient condition for skew cyclic codes over Galois rings to be free. A sufficient condition for 1-generator skew quasi-cyclic codes to be free is also determined.
Preliminaries
Let q = p r , p a prime number and r a positive integer. Let f (x) be a basic irreducible polynomial of degree m over Z q . The Galois ring of degree m over Z q is the residue class ring Z q [x]/(f (x)), denoted as R = GR(q, m). R is a local ring with maximum ideal p and the residue field 
The group of automorphism of R is a cyclic group with order m and is generated by φ.
Let θ be an automorphism of R. The skew polynomial ring R[x; θ] is the set of polynomials over R, where the addition is defined as the usual addition of polynomial and the multiplication is defined by the basic rule 
Skew cyclic codes
Let θ be an automorphism of the Galois ring R. A linear code C of length n over R is called skew cyclic if and only if (c 0 ,
As traditional study of cyclic codes, we can identify
Proposition 2.1 Let C be a skew cyclic code of length n and let θ be an automorphism of R with order t. If gcd(t, n) = 1 then C is a cyclic code of length n.
Proof Since gcd(t, n) = 1, it follows that there exist integers a, b such that at + bn = 1. Therefore, at = 1
Thus C is a cyclic code of length n. 2 Note that not all left R[x; θ]-submodules are R-free, but in following we will focus on those submodules. Similar to the case that the order of θ divides n, the following proposition gives a well-defined properties of free skew cyclic codes for any length n.
Proposition 2.3 A skew cyclic code C of length n over R is free if and only if it is generated by a monic right divisor g(x) of x
n − 1 with degree k. The set {g(x), xg(x) , . . . , x n−k−1 g(x)} forms a basis of C and the rank of C is n − k.
Skew quasi-cyclic codes
Let θ be an automorphism of R and n = ls. A linear code C over R is called skew quasi-cyclic with index l if and only if (c 0,0 , c 0,1 , . . . , c 0,l−1 , c 1,0 ,  c 1,1 , . . . , c 1,l−1 , . . . , c s−1,0 , c s−1,1 , . . . , c s−1,l−1 ) ∈ C ⇒ (θ(c s−1,0 ), θ(c s−1,1 ) , . . . ,
If θ is the identity map, we call C a quasi-cyclic code over R.
In the following, we illustrate the relationship between skew cyclic codes and quasi-cyclic codes over R.
Proposition 3.1 Let C be a skew cyclic code of length n over R and let θ be an automorphism with order t. If gcd(t, n) = l, then C is equivalent to a quasi-cyclic code of length n with index l over R.
Proof Let n = sl and (c 0,0 , c 0,1 , . . . , c 0,l−1 , c 1,0 , c 1,1 , . . . , c 1,l−1 , . . . , c s−1,0 , c s−1,1 Let C be an skew qusi-cyclic codes of length n with index l over R. As traditional study of quasi-cyclic codes , we can identity an element (c 0,0 , c 0,1 ,  . . . , c 0,l−1 , c 1,0 , c 1,1 , . . . , c 1,l−1 , . . . , c s−1,0 , c s−1,1 , . 1) ) l is a skew quasi-cyclic code of length n with index l over R. It can lead us to compute the number of distinct skew cyclic and quasi-cyclic codes over R.
